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Abstract

We present a new version of the Friedman—Magidor theorem: For ev-
ery measurable cardinal x and cardinal 7 < k', there exists a forcing
extension V' C V[G] such that any normal measure U € V on & has ex-
actly 7 distinct lifts in V[G], and every normal measure on « in V[G] arises
as such a lift. This version differs from the original Friedman—-Magidor
theorem in several notable ways. First, the new technique does not in-
volve forcing over canonical inner models or rely on any fine-structural
tools or assumptions, allowing it to be applied in the realm of large car-
dinals beyond the current reach of the inner model program. Second, in
the case where 7 < k™, all lifts of a normal measure U € V on s to
V[G] have the same ultrapower; as an application, a nontrivial model of
the Weak Ultrapower Axiom is constructed. Finally, the technique gen-
eralizes to a version of the Friedman—Magidor theorem for extenders. An
additional advantage is that the forcing used is notably simple, relying
only on nonstationary support product forcing.

1 Introduction

The analysis of measures in forcing extensions plays a central role in the theory
of large cardinals. A major question in this area was whether the existence of
a model of ZFC with exactly two normal measures follows from the consistency
of ZFC with a measurable cardinal. This question was answered affirmatively
by the following landmark theorem of Friedman and Magidor.

Theorem 1.1. (Friedman-Magidor theorem, [11]) Suppose V. = L[U] is the
minimal inner model in which there is a measurable cardinal k, and let T < gt
be a cardinal. Then in a cardinal preserving forcing extension, k is measurable
and carries exactly T normal measures.

In their work, Friedman and Magidor identified the various components that
contribute to the construction of normal measures in forcing extensions. Their
forcing notion includes, for each such component, a specialized feature designed
to control and constrain it. This naturally led to the orchestration of several



forcing techniques, each playing an essential role in the proof. Indeed, Theorem
[[7] stands out for the range of methods it brings together, including forcing
over canonical inner models, nonstationary support iterations, generalized Sacks
forcing, and interleaved self-coding posets. These techniques have since enabled
a variety of further applications, including [5], [4], [6], [, [2], and [7].

The central result of this paper is a significantly simpler and more transpar-
ent proof of the Friedman—Magidor theorem. Our approach dispenses entirely
with inner model theory, self-coding, and generalized Sacks forcing. Instead, it
relies solely on a product forcing with nonstationary support.

Similarly to the original Friedman-Magidor proof, we concentrate on the
case where the expected number 7 of normal measures is at most . Achieving
7 =kt is done by performing the Kunen-Paris forcing (see [21]).

The main theorem of this paper is the following:

Theorem 1.2. Suppose that k is a measurable cardinal and ™ < k* is a cardi-
nal. There exists a poset R™ which preserves k, kT and the measurability of x,
such that, whenever G C R” is generic over V, the following properties hold:

1. FEvery normal measure U € V on k has exactly T distinct lifts <U;: n<T)
to normal measures on k in V[G], all of which have the same ultrapower
over VI[G].

2. Every normal measure W € V[G] on k has the form U, for some normal
measure U € V and n < 7.

Also, assuming GCH in V, R™ preserves cardinals.

In the case where 7 < k, R has the form Add(w,1) « P7, where P™ consists
of partial functions f: x — 7 whose support is nowhere stationary, ordered by
inclusionﬂ In the case where 7 € {r, k" }, P7 is slightly modified using canonical
functions (see Definition below).

As mentioned above, one of the main advantages of Theorem is that
it does not involve forcing over canonical inner models. In the original Fried-
man-Magidor proof, forcing over L[U] played a significant role in two ways.
First, by assuming that L[U] is the core model and forcing over it, every nor-
mal measure on k in the generic extension restricts to an iterated ultrapower of
L[U]. (This is the starting point of a sequence of classical results in inner model
theory, culminating in a well-known theorem of Schindler, see [24].) Second,
canonical inner models possess fine structure, which Friedman and Magidor uti-
lized by incorporating self-coding posets into their forcing construction. (See
[11] for further details on self-coding and its role in constraining the number of
normal measures.)

While these techniques demonstrate the utility of inner model theory and
fine structure in forcing theory, forcing over canonical inner models can be re-
strictive—particularly because it does not apply at levels of the large cardinal

1The purpose of the initial Cohen forcing is to ensure that R” has a gap below x in Hamkins’
sense of [I7] (see Theorem [3.7).



hierarchy not yet reached by the inner model program. Since our proof of
Theorem avoids the use of inner model theory, it can be employed to obtain
consistency results at the level of strongly compact and supercompact cardinals,
such as the following:

Theorem 1.3 (Apter-Kaplan-Poveda, see [3]). Assume the consistency of a
supercompact cardinal and the linearity of the Mitchell order.

1. It is consistent that there exists a supercompact cardinal, and there are
exactly two normal measures on the least measurable cardinal.

2. Assume in addition the existence of a measurable cardinal above the su-
percompact cardinal. Then it is consistent that there is a supercompact
cardinal, and the least measurable cardinal above it carries exvactly two
normal measures.

Our forcing notions P™ (for 7 < k) have several additional applications. In
Section [4] we classify all possible lifts of U™ to the generic extension obtained
by forcing with P7, where U € V is a normal measure on « and n < wE| When
this analysis is carried out in the case where V = L[U], it allows for a complete
description of the o-complete ultrafilters in the extension. This yields a ZFC
model with an interesting measure structure:

Theorem 1.4. Assume that V = L[U], and let k be the unique measurable
cardinal. Fix a cardinal T < k. Let G C P7 be generic over V. Then in

LIUJG):

1. There are T-many normal measures on K, <U;7": n < 7), and all of them
have the same ultrapower.

2. For every o-complete ultrafilter W € L[U]|G], the ultrapower embedding
jév[UHG]: LIU)G] — UW(L[U][G],W) is a finite iterated ultrapower of
L[U][G] by normal measures.

3. Every ultrapower of LIU][G] (via a o-complete ultrafilter) is isomorphic to
ULt(L[U][G], (UE)"™) for some n < w.

Theorem is related to the Weak Ultrapower Axiom. Recall that Gold-
berg’s Ultrapower Axiom (UA) states that for any pair of o-complete ultrafilters
U, W, there are o-complete ultrafilters U* € My, and W* € MUE| such that
M[JJM*W = M%i’ and jw+ o ju = ju- o jw. The Weak Ultrapower Axiom is
obtained from UA by removing the demand that jy « o jy = jy~ o jw. One of
the consequences of Theorem (for 1 < 7 < k) is that a model of the Weak
UA and the negation of UAE| can be constructed, assuming the consistency of a
measurable cardinal.

2For the definition of the measure U", see Definition

3Here and below, for a o-complete ultrafilter U, we denote by My the transitive collapse
of Ult(V,U), and by jy: V — My the corresponding ultrapower embedding.

4The negation of UA holds in the model of Theorem since, by a theorem of Goldberg,
UA implies the linearity of the Mitchell order. See [14] for more details.



Theorem 1.5. Weak UA + —UA is equiconsistent with a single measurable
cardinal.

Theorem slightly improves a previous result by Goldberg and Benhamou
(see [9]), who constructed a nontrivial model of Weak UA assuming the consis-
tency of a measurable limit of measurable cardinals.

Finally, building on the techniques introduced earlier, we generalize the
Friedman—Magidor framework from normal measures to extenders in Theorem
A typical application of this theorem is illustrated by the following example:

Theorem 1.6. Assume GCH, and let k be a (k + 2)-strong cardinal. Then for
every cardinal T < k1, there is a cardinal preserving forcing extension V[G] in
which every (k, kT 1)-extender E € V witnessing that k is (k + 2)-strong lifts to
ezactly T pairwise nonequivalent’] (k, k*+)-extenders in V[G]. In V[G], all such
lifts of E have the same ultrapower and continue to witness the (k+2)-strongness
of k. Moreover, every (k,k*)-extender witnessing that r is (k + 2)-strong in
V[G] arises as one of these lifts.

Goldberg observed that the bound k™" on the number of (k, s 1)-extenders
having the same ultrapower is optimal under GCH (see Theorem . Similar
results can be obtained for extenders with higher degrees of strongness.

The structure of this paper is as follows: In Section [2] we cover the basic
properties of nonstationary support products. In Section [3] we prove Theorem
In Section [ we discuss lifting iterates of U™ for a normal measure U and
n < w, and prove Theorems [I.4] and In Section [f] we state and prove a
Friedman—Magidor theorem for extenders (Theorem , and apply it to prove
Theorem In Section [6] we discuss several open questions.

Throughout the paper, we use the following convention in forcing: If a con-
dition p extends a condition ¢, we write ¢ < p, and the weakest condition in a
forcing notion P is denoted by Op. We will also occasionally make standard abuse
of notation by omitting the “check” sign from “check names” in statements in
the forcing language. In addition, we will, from time to time, make standard
abuse of notation by omitting “dots” over forcing terms. We will, however, on
occasion, also include both checks and dots in our forcing iterations. The rest
of the notation is standard.
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2 Nonstationary support products

In this section, we briefly develop the basic framework of product forcing with a
nonstationary support. All the ideas previously appeared in one form or other
in [II]. Our presentation is influenced by [§] and [IJ.

Definition 2.1. A set of ordinals A is nowhere stationamﬁ if for every inacces-
sible cardinal a, A N « is nonstationary in a.

Definition 2.2. (Products with nonstationary support) Fix a cardinal x, and
let I C k be an unbounded set of ordinals. For every « € I, let Q. be a forcing
. . NS . ..
notion. The nonstationary support product P =[], Z; Q consists of conditions
p which are functions with domain I, such that for every o € I, p(a) € Q,, and

the set
supp(p) = {a € I: p(a) # Og, }

is nowhere stationary.
The ordering is defined by saying that p extends q if for every « € supp(q),

p(a) extends q(a) in Q,, (in particular, supp(q) C supp(p)).

Assuming that § < k and P = HLVES 1 Qq is a nonstationary support product,
P can be naturally factored to the form P | 8 x P\ 3, where P [ 8 = HNS 1 Qo

aepfn
and P\ g = Hivesl\ﬂ Qu, by identifying a condition p € P with the pair (p |
(INB),p I (I\B)). We denoteinthiscasep [ S =p [ (ING) and p\B =p [ (I\5).
To streamline the notation, we will often denote the poset P [ 3 by Pg.
The most important feature of nonstationary support products or iterations
is their fusion property.

Lemma 2.3 (The Fusion Lemma). Let & be a limit of inaccessible cardinals, and

let I C k be an unbounded set of inaccessible cardinals below k. LetP = Hivesl Qa
be a nonstationary support product. Assume that:

SWe will adopt this terminology, although the phrase nonstationary in inaccessible cardi-
nals would be more accurate in this context. For our purposes, this distinction is irrelevant,
since the nowhere stationary sets we consider will consist solely of inaccessible cardinals. For
such sets, being nonstationary in inaccessible cardinals implies being nonstationary in every
ordinal of uncountable cofinality (see |7, Lemma 3.24]).



(1) For every o € I, rank(Q,) < min(I \ (o + 1)).
(2) For every o € I, Qy is a-closed.
Then P satisfies the Fusion Property, that is, given:
e a condition p € P,
o a sequence (d(a): a < k) of dense open subsets of P,

there exist p* > p and a club C C k (if cof(k) = w, C is an unbounded cofinal
w-sequence) such that, for every a € C, the set

{rePl(a+1):rp"\(a+1) ed(a)}
is dense and open in P | (o + 1) above p* | (a +1).

Proof. We first take care of the case where x is singular. Fix an inaccessible
cardinal v € (cof(x), x), and a continuous, cofinal, increasing sequence (v;: i <
cof(k)) in k, such that vy > v. We argue that there exists s > p\ (v + 1) such
that for every ¢ < cof(k) and r € P [ (v + 1), there exists ' > r such that
s € d(v;). Indeed, to construct such s, fix an enumeration ({(i;,r;): j < ¢)
of cof(k) x Pyy1 (where ¢ = |P,41]), and construct an increasing sequence
(sj: 7 <¢) CP\ (v+1), such that:

e so=p\(v+1)

e For every j < (, sj41 > s; is chosen such that there exists ' > r; such
that ' 7s;41 € d(v;,).

e For every limit j < (, s, is chosen as an upper bound of (s;/: j < j). More
formally, s; is constructed such that supp(s;) = [J{supp(s;): i < j}, and
for every a € supp(s;), s;(a) is an upper bound of {s; (a): j' < j,a €
supp(s;/)}. Note that supp(s;) is nowhere stationary, since the club filter
on every inaccessible cardinal above v is (T-complete (hence, for every
inaccessible cardinal p > v, supp(s;) N g is nonstationary in ).

Finally, let s = s¢. Then s has the property that for every ¢ < cof(x), the set
{reP,1:r"sedy)}

is dense open. Let p* = (p | (v + 1)) s. Then p < p* € P, and for every
i < cof(k), the set

{rePl(v+1):r"p"\(vi+1) €dv)}

is dense and open in P | (v; + 1) above p* | (v;+1). Thus, p* and C = {y;: i <
cof(k)} are as desired.

Therefore, assume from now on that x is regular. We construct by induction
sequences (p;: i < k) C P, (1;: 4 < k) C & such that (p;: i < k) is a fusion
sequence with respect to (v;: i < k), in the sense that the following properties
hold:



1. {v;: i < k) is a continuous, cofinal sequence in k.

2. (p;: i < k) is an increasing sequence of conditions extending p, such that,
for every i < j < K,

(@) pj I (i +1)=pi | (vi +1).
(b) v; ¢ supp(p:).
3. For every i < K,
{frePl@+1):r"(piyr \ (vi +1)) € d(w)}
is a dense open subset of P [ (v; + 1).
Assuming that such sequences have been be constructed, we can set p* =

Uicwpi | (i +1). Since C = {v;: 4 < k} is a club disjoint from supp(p*),

*

p* is a legitimate condition in ]P’E] Then p* and C are as desired: Indeed, for
every i < K, the fact that the set

{rePl(v+1):r"pi1 \ (i +1) €d(v)}
is dense open, and the fact that p*\ (v; +1) > p;41 \ (v; +1), imply that the set
{rePl(v+1):r"p"\(vi+1) €dv)}

is dense open.

Thus, it suffices to prove that sequences (p;: i < k) and (v;: i < k) with the
desired properties can be constructed. We define these sequences inductively,
along with an auxiliary sequence (C;: i < k) of clubs in &, such that, in addition
to the above requirements:

4. For every i < k, C; is disjoint from supp(p;).
5. For every i < j < K, v; € C; and C; C C;.

We proceed to the construction. For i = 0, take pg = p, vy = 0, and Cj any
club disjoint from supp(pp)-

For the successor step, assume that p;,v;, C; have been constructed. First
set v;4+1 = min(C; \ (v; + 1)). Define p;11 > p; such that:

® pi+1 [ (Wis1 +1) =p; [ (ig1 + 1) (in particular, vii1 & supp(pi+1)).
® piy1 \ (Wit1 + 1) extends p; \ (v;41 + 1), and satisfies that
{rePl W1 +1): 77 (Pit1 \ (Vi1 +1)) € d(viga)}

is a dense open subset of P | (v;41 + 1)

"Note that we require that supp(p*) is nonstationary in any inaccessible cardinal A < & as
well. This follows immediately, since given such A, p* | A = p; [ A for any large enough i < k,
and p; is already known to have a nowhere stationary support.



The second bullet is achieved similarly to the parallel argument in the singular
case: Starting from an enumeration (rj: j < () of P, 41, construct piyq \
(vit1+1) as an upper bound of an increasing sequence of conditions (s;: j < (),
such that r;7sj11 € d(vi1) for every j < (. Note that conditions (1), (2) of
the hypotheses of Lemma, ensure that the forcing P\ (v;41 + 1) is sufficiently
closed, allowing the construction of such a condition p;; 1. Finally, let C;41 C C;
be a club in & disjoint from supp(p;+1).

For the limit step, assume that i < k and (p;,v;,C;: j < i) were constructed.
First, set v; = sup{v;: j < i}. Let p; € P be a condition such that:

e pilvi=U;pj [ (v +1).
* v; ¢ supp(p;).
e p; \ (v, + 1) extends all the conditions (p; \ (v; +1): j < @), and satisfies
that
{rePl@+1):r"(pi\ (v +1)) €dw)}
is a dense open subset of P [ (v; + 1).

Note that, as above, P\ (v;+1) is closed enough to satisfy the third requirement.
Also, by our construction, v; is a limit point of each club C; for j < 4, and thus
v; ¢ supp(p;) for every j < i. This ensures that p; extends p; for j < i. Finally,
let C; €N ;< Cj be a club disjoint from supp(p;). This concludes the inductive
construction, which concludes the proof. O

Corollary 2.4. Let P = ngsl Qg be as in Lemma , Suppose that p € P,
and letf be a P-name forced by p to be a function from k to the ordinals. Then
there exist ¢ > p, a club C C k, and a function F € V such that C C dom(F),
for every a € C, |F(a)| < |Pa1| (in particular, |F(a)| < min(I'\ (a+1))), and
qI- f(a) € F().

Proof. Apply Lemma to the sequence (d(a): a < k), where each d(a) is
the dense open set of conditions deciding the value of f(«). Let ¢ > p be the
condition obtained and C' C k the club obtained, and define, for every a € C,

Fa)={y€ON:Fr=ql(a+1) ((7(a\(a+1))F fla)=7)}.
0

The assumptions of Lemma [2.3| suffice to ensure that  is preserved after
forcing with P. But we can obtain even more.

Corollary 2.5. LetP = H(JXVESI Qq be as in Lemma . Then there is no cofinal
function f: k — kT in V[G].

Proof. Let p € P and f be a P-name such that p forces that f is an increasing
function from x to k*. We wish to prove that Im(f) is forced by an extension
of p to be bounded in x*. By Corollary there exist ¢ > p and a club C C &



such that for every a € C, q I f(a) € F(a) and |F(a)| < min(I \ (o + 1)) < &.
Let v = sup{sup(F()): o € C} 4+ 1. Then v < T, and since C' is unbounded

in k and p Ik “f is increasing”, ¢ IF sup(Im(f)) < . O

In particular, Corollary implies that P preserves x*. Assuming further
that GCH holds in V, and that each component forcing Q,, preserves cardinals,
we can strengthen the conclusion to full preservation of cardinals by P. Without
the GCH assumption, however, this need not hold (see Claim .

Corollary 2.6. Assume GCH. Let P = H;VESI Q. be as in Lemma E Assume
that for every a € I, IFp, “Qq preserves cardinals”. Then P preserves cardinals.

Proof. Assume otherwise, and let  be the least cardinal which is not preserved.
It follows that p is a successor cardinal. We can’t have p > 1, since |P| = kT
by our assumption that 2% = k*. So u = AT for some A < k, and by Corollary
2.5 we can assume that A < k. The forcing P\ (A + 1) is more than A\*-closed,
and if A € I, the forcing Q) preserves A™. So if u = AT is collapsed, this is due
to P [ A. If X is not a limit point of I, then by GCH, |P | A] < A and thus pu
is preserved. So we can assume that A is a limit point of I, and P, collapses
p = AT. This contradicts Corollary O

We conclude this section with the following classical application of Corollary
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Corollary 2.7. Assume that k is reqular. For every club C C k in V|G|, there
exists a club D C k in V' such that D C C.

Proof. Let f € V[G] be the increasing enumeration of C. Apply Corollary
to find, in V, a function g: kK — & such that g dominates f on a (ground model)
club. By that, we mean that there exists a club E C « in V such that, for every
i€ C, f(i) < g(i). Since f is increasing and « is regular, we can assume that g
is increasing and dominates f everywhere (namely E = k). Now define D to be
the club of closure points of g. Then D C C, since every o € D is a limit point
of CNa: Indeed, CNa is unbounded in «, since for every i < «, f(i) < g(i) < «
and i < f(i) € C. O

3 The splitting forcing

The goal of this section is to prove Theorem Throughout this section,
suppose that k is a measurable cardinal in V. Denote by I the set of inaccessible
cardinals below x. Fix a cardinal 7 < .

Let (f,: n < k) C k" be a sequence of functions such that f, is the 7-th
canonical function. Recall that the functions (f,: 1 < k) can be defined by
induction on n < T, as follows: Let fo(a) = 0 for all @ < &, and for every
n <k, let foyi(a) = fy(e) + 1. If n is a limit ordinal, let (;: ¢ < cof(n)) be an
increasing sequence cofinal in 7. Define f;(a) = sup;cof(,) fr: (@) in the case
cof(n) < k, and fy(a) = sup,;,, fn, (@) in the case cof(n) = k (see [18] for more
background on canonical functions).



We also denote by f.+ the cardinal successor function, namely f.+(a) = o™
for all a < k.

We will make repeated use of the following property of the functions (f,: n <
k1) throughout this section.

Claim 3.1. Suppose that V C V|G| is a forcing extension which preserves o, o+
for every inaccessible cardinal o < Kk, as well as the measurability of k. Let
W € V|G| be a normal measure on k. Then for every n < ™, jw(fy)(Kk) =n.

Proof. An easy induction, which we leave to the interested reader, shows that
for every n < k*, jw(fy)(k) = n. It remains to consider the case n = k*.
Since (at)VICl = (at)V for all inaccessible cardinals o < r, the function f,+
agrees with the cardinal successor function computed in V[G] on the set I of
inaccessible cardinals. As I € W, it follows that

gw (fur) (k) = (57)THVIEW) = (o )VIET = (5)V
as desired. O

Let us define the main forcing notion in this paper. We refer to it as “the
splitting forcing”.

Definition 3.2 (The splitting forcing). Define

PT={f¢€ H fr(a): X = dom(f) is a nowhere stationary subset of I'}

aceX
ordered by inclusion, that is, f extends g if and only if g C f.

The forcing notion P™ can be viewed as a nonstationary support product
ngs ' Qu, where for every o < k, Q, is trivial unless « is inaccessible. For o«
inaccessible, Qq = {0g,, } U f-(«) is the atomic forcing notion that satisfies:

e Og, is the weakest condition of Q.
e The ordinals in f;(«) form a maximal antichain in Q,,.
In particular, a generic for Q, is basically a choice of an ordinal in f;(«).

Remark 3.3. In the case where 7 < k, we will always assume that the function
fr from Claim is constant with value 7. In this case, P™ admits the following
simpler presentation:

P" ={f: X - 7: X =dom(f) is a nowhere stationary subset of I}.
Lemma 3.4. Assume that G C P7 is generic over V. For every n < T, define
Sy ={a € I: (UG)(a) = fy(a)}.

Then S = (Sp:m < T) is a sequence of stationary subsets of I. If T < K, Sisa

partition of I, and V[G] = V[S)].

10



Proof. Fix n < 7, and let C € V[G] be a club in k. By Corollary there
exists in V a club D C k such that D C C. Given a condition p € P7, we
can pick @« € D \ supp(p) due to the nonstationary support, and extend p to
p U {(e, fy(e))}. Thus, by density, there exist ¢ € G and o € D such that
g(o) = fp(a). Thus, in V[G], a € C'NS,,.

If 7 < K, then each f,(«) simply equals 7, and S, S, for n # 1’ are disjoint.
Clearly, |

S , since for every condition p, p € G if and only if

n<r Sy = 1. Hence, Sis a partition of I. Also, G can be read from

Va € dom(p) (p(a) =n <= a € 5)).
O

Definition 3.5. Assume that W is an ultrafilter on k and X C W. We say
that X generates W if W = {A Ck: 3B € X(B C A)}.

Next, we show that every normal measure U € V on k generates, together
with one of the stationary sets S,, a normal measure on « in V|[G].

Lemma 3.6. Let U € V' be a normal measure on k. Let G C P7 be generic
over V. Then for everyn < 7, UU{S,} generates a normal measure U, onk
in V[G]. Furthermore, the Uy-s have the same ultrapower over V[G].

Proof. Since 7 is fixed, we let P = IP” throughout this proof. Fixn < 7. The forc-
ing jy(P) is, by elementarity, a nonstationary support product Hivesw 0 QMv
where for each a € jy(I) Nk = I, QMU = Q,, and for each a € jy(I)\ k, QMv
is an atomic forcing that chooses an ordinal below jy(f;)(«). In particular,
x € ju(I), and QMv is an atomic forcing that chooses an ordinal below 7.
Let
Hy={qejuP):3pec G (¢ Ciulp) U{(km})}

Note that for every p € P, k ¢ supp(ju(p)). Therefore jy(p) U {(k,n)} is a
condition, and its support is a nowhere stationary subset of jy(x), so H, C
Ju(P). Furthermore, the elements of H, are mutually compatible, and clearly
JulG) € H,. We argue that H,, C jy(P) is generic over M.

Fix E C jy(P) dense open in My . Let (e(a): a < k) be a sequence of dense
open subsets of P such that E = [o +— e(«o)]y. Recall that P can be viewed
as a nonstationary support product. Apply the Fusion Lemma to find a
condition ¢ € G and a club C C & such that for every a € C,

{r €Poy1: 7 (q\ (@+1)) €e(a)}

is dense in P, ;1. This means that, in My, the set

{reju®usr:r (ulg\ (s +1)) € E}

is dense in jy(P)x4+1. Since "My C My, ju(P), = Px. Therefore, G is generic
for jy(P), over My. Moreover, the ordinal 7 dictates a generic for QMv over
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My|G]. Thus, there exists p € G such that p~((k,n))" (ju(g) \ (k +1)) € E.
By extending p if necessary inside GG, we can assume that p extends ¢. Since F
is open, we deduce that jy(p) U {(k,n)} € EN H,, as desired.

Since jy[G] C H,,, we can now use Silver’s criterion to lift the embedding
Jju to an elementary embedding from V[G] to My[H,]. By standard arguments
(see [10]), the lifted embedding is an ultrapower embedding with respect to a
normal measure U;. Indeed, Uy is the normal measure derived from the lifted
embedding using ~ as a seed. In other words, for X € V[G], we have X € Uy if
and only if there exists a condition in H, that forces that x € jU(X ) (where X
is a P-name for X). Equivalently, there exists a condition p € G such that

Ju) U{{k,m} Ik & € ju(X).

This implies that {a < k: pU {{a, fy(a))}} € U, and
{a <k:pU{{a, fr(a))}IFae X¥n{a < k: (UG)(a) = fola)} C X,

so U U{S,} generates U,.

Note that for every n,( < 7, H,, H; are mutually definable: One is obtained
from the other by changing the generic value at «. This implies that all the
measures U, (7 < 7) have the same ultrapower. O

We now proceed to prove that every normal measure of V[G] on k has the
form Uy for some 7 < 7 and normal measure U € V on . The main tool that
assists bypassing inner model theoretic arguments here is Hamkins’ Gap Forcing
Theorem.

Theorem 3.7 (Hamkins’ Gap Forcing Theorem [I7]). Assume that P is a
forcing notion which has a gap at some cardinal §. That is, P can be fac-
tored in the form P = Py x Py, where Py is nontrivial, |Po| < 6, and IFp,
“Py is (6 + 1)-strategically closed. ’E| Let G C P be generic over V, and assume
that j: V[G] — M* is an elementary embedding, with critical point k > §, such
that M* C V[G] and M* is closed under §-sequences of its elements that belong
to VIG|. Then:

1. M* has the form M[H], where M CV and H = j(G) is j(IP)-generic over
M. Furthermore, M =V N M[H].

2. If j is definable in V|G| from parameters, then j | V:V — M is definable
in 'V from parameters.

Remark 3.8. We remark that M* having the form M[H] already follows from
Laver’s Ground Model Definability Theorem (see [22] Theorem 3]). However,
the inclusion M C V is nontrivial and need not hold for forcings without a gap
(see, for example, [I3, Subsection 5.2]).

8See [10} Definition 5.15] for the definition of strategic closure of posets.
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Remark 3.9. Nonstationary support iterated forcings usually satisfy the as-
sumptions of the Gap Forcing Theorem. Our splitting forcing P”, however, is a
nonstationary support product rather than an iteration. It is unclear whether
the conclusions of the Gap Forcing Theorem apply directly to P™. To address
this, we modify P™ by considering R™ = Add(w,1) * P7, which has a gap at
0= w1.

We now have all the ingredients to conclude the proof of Theorem |1.2

Proof of Theorem[1.4 Let R™ = Add(w,1)«P7. Let G = g*G’ C R” be generic
over V, where ¢ is Add(w, 1)-generic over V, and G’ is P"-generic over V[g]. By
the Lévy—Solovay theorem [23], every normal measure on k in V generates a
normal measure on x in V[g], and conversely, every normal measure on s in
Vg] arises in this way. Given U € V a normal measure, denote by U’ € V|g]
the normal measure it generates. As above, given n < 7, let S, = {a <
k: (UG")(a) = fy(e)}. By Lemma for every n < 7, U' U{S,} generates
a measure U’} € V[g* G'], and all the measures (U’ : n < 7) have the same
ultrapower. We can slightly abuse the notation and write Uy instead of U ! :;
Each such U} is generated by UU{S,} in V[gxG'], since every set in U’ contains
a set from U. This concludes the proof of clause 1 of Theorem since again
by Lemma the Up-s all have the same ultrapower over V[G].

We proceed and prove clause 2. Let W € V[G] be a normal measure on &,
where as before, G is viewed as a generic g * G’ C Add(w, 1) xP". By Hamkins’
Gap Forcing Theorem, U = WNV € V,since U ={X Ck: k € (Jw | V)(X)}.
U is normal because W is normal in V[G]. Let n = jw (UG")(k). Using again the
normality of W and Claim n < jw(f:)(k) = Tﬂ In particular, S, € W.
Therefore U U {S,} € W, and, by the previous paragraph, W = Uy,. This
concludes the proof of clause 2 of Theorem

Finally, if GCH holds in V, then it continues to hold in V[g|, and over this
model, P™ preserves cardinals by Corollary O

An analogous result to Theorem [I.2] holds for nonstationary support iter-
ations in place of products (see [3]). However, it is unclear whether, in this
setting, all the lifts (U [ 7 < 7) yield the same ultrapower.

We finish this section by proving that the splitting forcing P™ preserves the
Mitchell order. As a corollary, R™ preserves the Mitchell order as well.

Lemma 3.10. Assume that Uy < Uy are normal measures on x in' V. Fix
7,( <7 and G CP7 generic over V. Then (Uo); < (Ul)Z'

Proof. We begin by observing that because *My, C My,, P™ € My,. Therefore,
N\ Mu, [G]
since Uy < Uy, we can lift Uy to ((Uo)n) o by forcing with P™ over My,.

\ Mo, [G] N
It suffices to prove that ((Uo)n) = (Uo),).-

9Note that in the case where 7 = k1, we needed here that R™ preserves at for every
inaccessible o < k, in order to ensure that fr remains the cardinal successor function in the
sense of V[g x G’] (see the proof of Claim . This follows from the fact that P™ preserves
at for every a € I, by Corollary

13



1u, [G]

M
Both ultrafilters (UO);;7 ((Uo);;) are generated by Uy U {S,}, but the

former ultrafilter belongs to V[G], and the latter belongs to My, [G]. Our goal

is to prove that those ultrafilters coincide (this would conclude the proof, since

My, [G] is a ground of Ult(V[G], (U1){), by the proof of Lemma [3.6). Thus, it

remains to verify that V[G] and My, [G] have the same subsets of . It’s clear

that My, [G] C V[G], so we just need to argue that (P(H))V[G] C (P(r))Mwn [,
Let X € V be a P™-name for a subset of x. For every a < &, let

e(@)={reP:r|(a+1)F3X,Ca (r\(a—l—l)H—Xﬂa:Xa)}.

Each e(«) is a dense open subset of P7. Indeed, given o < x and a condition
r € P7, let r* > r be such that 7* | (o +1) =7 [ (a4 1), and in VF a1
7\ (o + 1) decides X Na. The latter is possible since (P7 \ (a + 1), <) is more
than a-closed. It follows that r < 7* € e(a). This proves that e(«) is dense,
and it’s straightforward to verify that e(«) is open.

By the Fusion Lemma @ there exist p € G and a club C' C k such that for
every a € C,

pl(a+1)F3X, Ca (p\(oz—l—l)ll—Xﬂa:Xa).

For each a € C, let X, be a canonical P.+1-name for X, as a subset of a. Note
that (X,: a € C) € My,, and since "My, C My,, p € My,. Since p € G, we

can compute (X)g in My, [G] from G and (X,: o € C). O

Remark 3.11. There are two main limitations on 7 is this section: 7 is a
cardinal, and 7 < k7.

1. Regarding the requirement 7 < x™: Recall that our analysis of P” in this
. . - . NS
section involved viewing IP” as a nonstationary support product [[,Z; Qa,
where Q, € Vj for all a € I. However:

e If 2° = g1, cardinals 7 > k' cannot be represented by a function
fr: k& = k. Thus, there are no natural alternatives for the posets Q,
which also belong to V.

e If 2° > kT, it is unclear under which circumstances P™ preserves
cardinals. In fact, forcing with P™ can collapse £+ (see Claim [6.5]).

These issues, specifically in the case where 7 = T+, motivate Question
0. 1]

2. Regarding the requirement that 7 is a cardinal: We imposed this assump-
tion, as our focus is on the number of normal measures. Nevertheless, all
the results of this section remain valid if one allows 7 to be an arbitrary
ordinal < k*. On the other hand, the situation becomes more subtle when
7 is an ordinal above k1. In this case, the function f, representing 7 is no
longer canonical, and it depends on the measure U we wish to lift. Fur-
thermore, the classification of normal measures in the forcing extension is
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more complicated than the one given in Theorem We will study this
more general framework in Section 5] and classify the normal measures in
the generic extension in Theorem

4 Lifting iterates of a normal measure

Our next goal is to prove Theorem [I.4] which provides a characterization of all
possible lifts of U™ for a normal measure U on x and n < w. Recall that U™ is
defined as follows:

Definition 4.1. Assume that U is a normal measure on a measurable cardinal
k, and fix 1 < n < w. Recall that the measure U™ on [k]" is defined recursively,
by setting U' = U, and for every 1 < n < w,

U = (X C ™ (o bnmt) € W7 {E <t (6ornn o Enmr ) € X} €U} €U

We also extend the above definition for n = 0, by setting U° to be the principal
ultrafilter on the empty set, namely U° = {(}.

It is a standard fact that the ultrapower Ult(V,U™) is identical to the n-
th iterated ultrapower of V with respect to U (in the case where n = 0,
Ult(V,U%) = V).

The main technical result of this section is a classification of all possible lifts
of the measures U™ (for n < w) in the generic extension (see Corollary [4.5)).
To the best of our knowledge, no analogous classification exists for the original
Friedman-Magidor forcing construction from [I1].

We maintain the same notation as in the previous section, including the
measurable cardinal x and the forcing notion P, which we denote simply by P
throughout this sectionm

In this section, we restrict attention to the case 7 < k only, due to technical
difficulties that arise when applying the same proof technique in the cases 7 €
{k,kt}.

We denote by k; for i < w the images of k under the iterated ultrapowers
with U, that is, for each i < w, k; = jyi(k).

Lemma 4.2. Fiz a normal measure U on k, n < w, and a sequence (1o, ..., Mn—1) €
T, Assume that for every vV = (v, ...,vn—1) € [K]", e(V) = e(vg,...,Vn-1) CP
is a dense open set. Then for every p € P, there exists r > p such that

{D’E [’%]n: U {<V07770>’ <V177]1>>' ) <Vn71>77n71>} S e(ﬁ)} S U”B

Proof. We begin with the case n = 1. Let p be a condition. By the Fusion
Lemma there exists a condition g > p and a club C C & such that for every
vedl,

{reP,i1:1rU(g\(v+1)) €e(v)}

10Hamkins’ Gap Forcing Theorem (Theorem will not be used in the section, so there
is no need to force with R™ = Add(w, 1) «P".

1 Note that there exists a club C' disjoint from supp(r), and [C]® € U™. We can therefore
assume that U {{v0,70), ..., (Un—1,Mn—1)} is a condition for a set of ¥-s in U™.
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is a dense subset of P, ;1 above ¢ | (v+1). We can assume that C'Nsupp(q) = 0
by shrinking C. Then for every v € C, there exists a condition r(v) € P,
extending ¢ [ v such that

r()U{m,m) U (g\ (v +1)) € e(v).

Since "My C My, ju(P) | K = P. Moreover, jy(q) | « = q. We therefore
deduce that » = [v — r(v)]y is a condition in P extending ¢. Furthermore,
since r = jy(r) | kK = [v — r | v]y as well, there exists a set A € U such that
for every v € A, r [ v = r(v). Then for every v € ANC €U,

rivU{{v,n)tu(r\(v+1)) €e(v).

Now proceed by induction. Fix a sequence (1o, ..., 0n_1,7,) € 7" As-
sume that for every (vy,...,vp—1) € []", and for every v € Kk \ vy,_1,
e(VOa"'7Vn—17V) cP

is a dense open set.

For every v = (vy,...,vn—1) € [K]", let e(vo,...,Vn—1) denote the set of
conditions r for which there exists a set A € U such that for every v € A\
(Vn—l + 1)v

rU{(v,mn)} € e(Vo, ..., Vn-1,V).
Claim 4.3. For every v = (g, ...,Vn—1) € [K]", the sete(vy,...,Vn—_1) is dense
open in P.

Proof. Fix U = (vg,...,vp—1) € [K]". The fact that e(vp,...,vp_1) is open
follows, since the set e(vg, ..., Vn—1,Vy) is open for every v, € (V—1,%). Thus,
let us concentrate on the proof of the density of e(vy, . ..,v,—1). Fix a condition
p € P. The sequence (e(V,vy,): vy € (Vp—_1,k)) consists of dense open subsets
of P. By the case n =1 in the proof of the Lemma [{.2] there exists r > p such
that

{Vn € Wn_1,6): TU{(vn,mn)} € e(V, 1)} € U.
It follows that p < r € e(vy,...,Vn—1), as desired. O

Fix p € P. Apply the induction hypothesis to the sequence
(e(vo, .- Vn—1): (Vo, ..., Vn_1) € [R]").

By induction, there are r > p and X € U™ such that for every increasing
sequence ¥ = (vg,...,Vp_1) € X,

ru {<V07770>v ) <Vn*1777n*1>>} € e(7).

In particular, for every such sequence (v, . . .,v,_1), there exists aset A(vg,...,Vn—1) €
U such that for every v,, € A(vo,...,vn—1) \ (Wn-1 + 1),

(Y {<V0’770)>’ ceey <Vn—1a77n—1)>7 <Vna77n)>} € 6(1/07 .. -aVn—laVn)-
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Let
Y ={{vo,...,Vn_1,n) € [K]" " : (o, ..., vn_1) € X and v, € A(vo, ..., vn_1)}

We argue that Y € U1, Tt suffices to prove that (Ko, ..., kn_1, fn) € juntr (V).
In other words, we need to prove:

1. (Ko,...,Kn-1) € jun+1(X). This follows since X € U™, and thus
(Kov- - Fin1) € fum (X) € G (X).

2. Kp € Jyn+1 ((Vo,.. s Vn—1)— A(vo,...,Vn-1)) (Ko, ..., kn-1). This fol-
lows since A(vy,...,vn—1) € U for every (vg,...,Vn—1), and thus

A* = jUn (<U07. . .,Vn,1> — A(VQ,. . .7Vn,1)) (Iio, .. .,anl) S jUn(U),

Kn € Jipnw) (A%) = juntr ((Vo, -+, Vn_1) = Ao, .o, Un—1)) (Ko, -+ s Fne1)-

Thus, Y € U™*!. By shrinking Y in U"*!, we can assume that Y C [C]"+!,
where C' is some club disjoint from supp(r). It follows that the condition r has
the desired property, witnessed by Y € U"+1, O

Corollary 4.4. Let U be a normal measure on k. Fizn < w and 7 < k. Let
G C P be generic over V.. Then for every sequence 77 = (g, ..., Mn—1) € T", the
set U™ U{Sy} generates a k-complete ultrafilter in V|G|, where

Si={{vo,... vn—1) € [K]": Vi<n (UG)(v;) =m)}
Proof. We construct a jyr (P)-generic set over Myn. Let
Hi={q € jun(P): 3p € G (¢ < jun(p) U{(K:m0)-- -+ (Kn-1,mn-1)})}.

Let us show that Hy C jy» (PP) is generic over M.

First, note that for every m < n and p € P, k,, ¢ jun(p). This is since Ky,
belongs to jy-(C), where C' C k is any club disjoint from the support of p. Thus,
Hj; consists of legitimate conditions in jy» (P). Clearly, any pair of conditions
in Hjy are compatible. Thus, we only need to argue that Hy is jyn (IP)-generic
over V. This is an immediate corollary of Lemma[.2} Given any dense open set
E C jyn(P) in Myn, let {e(vo,...,Vn—1): (Vo,...,Vn—1) € [k]™) be a sequence
of dense open subsets of P such that

E = jun ({vo,- - Vn—1) = e(Voy. .. Vn-1)) (Koy- -+, Kn—1) -
Pick a condition r € G such that
{Telr]™: rU{vo,no)s--s Wn-1,Mm-1)} € e(Vo,...,Vn_1)} €U™.

Then jyn (1) U{(k,M0),-- -, (kn—1,Mm—1)} € E N Hg, as desired. O
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As a corollary, we obtain a complete characterization of all possible lifts of
U™ in V[G].

Corollary 4.5. Let U be a normal measure on k. Fixn < w and 7 < k. Let
G C P be generic over V. For every o-complete ultrafilter W € V|G| such
that U™ C W, there exists 7 = (Ng, ..., Mn—1) € T" such that W is the measure
generated by U™ U {Sz}.

Proof. Let jw: V[G] - M[H| = M[jw(G)] be the ultrapower embedding asso-
ciated with W.

Since U™ C W, W concentrates on the set [I]™ consisting of increasing se-
quences of inaccessible cardinals (in V') of length n. Thus, [id]w = {Xo, ..., An—-1}
for an increasing sequence \g < ... < A,_1 of inaccessible cardinals in M.

It therefore follows that the generic H = jy (G) assigns to each A; (for 0 <
i <n—1)somen; = (UH)(N\;) < jw(7) = 7. Thus, letting 7= (no,...,Mm-1) €
7", we deduce that S; € W, and W is the measure generated by U"U{S;}. O

All the results provided so far have not required any assumptions on the
ground model V. However, to obtain a full classification of all o-complete
ultrafilters in V[G], further assumptions, such as the assumption that V' = L[U],
will be necessary. Recall that the model L[U], introduced by Kunen in his
seminal work [20], is the minimal canonical inner model containing a measurable
cardinal. The following properties are well-known:

Theorem 4.6. Assume that k is measurable and U is a mormal measure on
k. Then there exists a canonical inner model L{U] which satisfies the following
properties:

1. (Kunen, [20, Corollary 6.5]) k is the unique measurable cardinal in L[U], k
carries a unique normal measure U = UNL[U] in L[U], and L{U] = L[U].

2. (Kunen, [20, Theorem 7.6]) For every o-complete ultrafilter W € L[U],
there exists n < w such that W =rx (U)™.

3. (Silver, [25]) L[U] E GCH.
We now proceed to the proof of Theorem [I.4]

Proof of Theorem[I.]} Assume V = L[U]. By a mild abuse of notation, we will
identify the measure U with its restriction U = U N L[U] € L[U].
Let G C P be generic over V. In order to simplify the notation, let P = P7.
The proof will rely heavily on the fact that every o-complete ultrafilter W &
V[G] on an ordinal x satisfies W NV € V. Indeed, the restriction jy | V is an
iterated ultrapower jym of U over V = L[U] for some m < wH Consequently,

W NL[U] = {X C x: [idlw € jun(X)} € LU

2That jw | L[U] is an iterated ultrapower of L[U] is a folklore consequence of Kunen’s
work [20]. Since P adds no new w-sequences, this iteration must be finite.
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We begin by proving clause 1 of Theorem By Lemma [3.6] the measure
U admits 7 distinct lifts (U;: 7 < 7) to normal measures on & in VI[G]. It
therefore remains to show that every normal measure W € V[G] on & arises as
one of these lifts. To this end, let W € V[G] be a normal measure on k. By
the previous paragraph, W NV € V, and W NV is a normal measure in V as
it inherits its normality from W. By clause [1| of Theorem it follows that
W NL[U] =U. Now let n = jw(UG)(x). Then s € jw(S,), namely S, € W.
Since U U {5, } generates the measure U, and U U {S,} C W, we deduce that
W = Uy . The fact that all the measures U,/ for n < 7 have the same ultrapower
was already established in Lemma |3.6

Let us proceed and prove clauses 2 and 3 of Theorem Let W € V[G]
be an arbitrary o-complete ultrafilter in V[G], concentrating on an ordinal Y.
By the previous paragraphs, W N L[U] is a o-complete ultrafilter in L[U]. By
clause [2] of Theorem 4.6 W N L[U] is Rudin-Keisler equivalent to U™ for some
n < w. Fix aset Y € W and an injection h: Y — [k]™ witnessing this (namely,
for every set X CY, X € WnNL[U] if and only if h[X] € U™). By replacing
W with h,(W) = {X C [k]": h1[X] € W}, we can assume from now on
that W concentrates on [k]™ and W 2 U™. This is harmless, since our goal
is characterizing jw and Ult(L[U][G], W), which are invariant under Rudin-
Keisler equivalence. By Corollary there exists 7= (1o, ...,Mn—1) € 7" such
that W is the measure generated by U™ U {Sj}.

We proceed and prove that j‘YV[G] : V[G] = UI(V[G], W) is a finite iterated
ultrapower of V[G] via normal measures.

Let W% € V[G] be the normal measure on x generated by U U {S,,} (in
the notation of Lemma [3.6). Let N° ~ Ult(V[G], W), and note that N* =
My[H,,), where H,, = jwo(G) is the jy(P)-generic generated by (Ujy[G]) U
{(#,m0) }-

Over N = My[H,,], let W' be the normal measure on ki generated by
Ju(U)U{S} }, where S} = {a < k1: (UH,,)(a) =1} Set N' ~ Ult(N°, WH).
We argue that N' has the form Myz2[H o], where Hy oy = jw, (Hy,) is
the jya (B)-generic generated by {(Ujy2 [G1) U {{, 7o), (1, 1) 1.

Indeed, inside V[G], the ground of Ult(V[G],U) for every normal measure
U € V[G] is definable as Ult(V,UNV) (recall that V itself is definable in V[G] by
Laver’s Ground Model Definability Theorem). Furthermore, ji,(G) is the generic
set generated by (Ujunv[G]) U {(k,n)}, where 7 is the unique ordinal below 7
such that S, € U. Keeping all of this in mind, we can now use elementarity to
deduce what N' ~ Ult(N° W1) looks like inside N° = My [H,,]: The ground
of Ult(N°, W1) is

Ult(My, W' N My) = Ult(My, ju (U)) = My=,

and the corresponding generic set jy1 (H,, ) is the one generated by

Tlo

(Uiwinnmg [Hae]) U ({{K1,m1)}).

Since W N My = ju(U) and H,, itself is generated by jy[G] U {(k,n0)}, we
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deduce that jy1(H,,) is the generic generated by

(Uju2[G]) U ({ (s, 10) (F1sm) b,

which is exactly the generic H,, ,,) defined above.

Continuing this inductively, we define models N*, normal measures W* € N*,
ordinals 7; < 7, and generics H,, . ny C jui(IP), such that for every 1 < i <
n—1,

1. Ni = Ult(_]\fiil7 WZ) ~ MUH—l [H<7707-~77]11>]'
2. Wt is generated inside N* from jyit1 (U)U{S} T}, where Spf! = {a <
Rit1: (UH (o, m)(@) = it}

3. Hey,.. y € jui+2(P) is generated by

Mi4+1
(Uiwirrinnty i [Ho,miy)) U {lKi1, mig1) }-

The measure W N Myt is equal to jyit1 (U). In particular, Hp, ...
is generated by

SMit1)

(UjU“'Z[G]) U {<"{a770>7 SRR </€i+1777i+1>}'

Note that H,,, . »._,) is the same generic from the proof of Corollary FIEI,
corresponding to the ultrapower embedding associated with the measure gener-
ated by U™ U {S,,....n._.) 1> which we have already identified as W. It follows
that N"™* = Myn[H,, .. ] is the transitive collapse of Ult(V[G], W). In
other words, the ultrapower with W is the result of the successive ultrapow-
ers taken with the normal measures WO W1, ... W™~ described above. This
proves clause 2 of Theorem [T.4] _

Finally, note that for every i < n — 1, N* ~ Ul(V[G], (U)"™) (where
Uj is as in Lemma for n = 0). This follows by induction, using the fact
that any pair of normal measures in V|G| have the same ultrapower. Indeed,
for i = 0, N® ~ Ut(V[G], W°) ~ Ult(V[G],Ug). Assuming the statement for
i, note that N1 ~ Ult(N?, W**!). But by the induction hypothesis, N ~
Ult(V[G], (Ug)*), and jygyi+1 (Ug) is a normal measure on ;41 in N*. It fol-
lows that N**1 o~ Ult(N*, W) o Ut(N?, jiyzyi+1 (Ug)) = Ul(V[G], (Ug)*+?).

In particular, the above inductive argument shows that N"~! is isomorphic
to Ult(V[G], (Ug)™). This proves clause 3 of Theorem O

Proof of Theorem[I.5, We argue that Weak UA + —UA is consistent relative to
the existence of a measurable cardinal. Assume the latter, and let V = L[U]
be the canonical inner model containing a measurable cardinal x and a unique
normal measure U on k.

Let G C P be generic over V', where 7 is any cardinal such that 2 < 7 <
k. By Theorem k carries two distinct normal measures in V[G] which
are Mitchell incomparable (since all normal measures in V[G] have the same
ultrapower, and no measure can belong to its own ultrapower). By a theorem
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of Goldberg, UA implies the linearity of the Mitchell order (see [14, Theorem
2.3.11]). In particular, UA does not hold in V[G].

It remains to show that V[G] F Weak UA. Let W, W’ be a pair of o-
complete ultrafilters in V[G]. It suffices to prove that N ~ Ult(V[G], W) and
N' ~ Ult(V[G], W') have common internal ultrapowers. By Theorem there
are n,n’ < w such that N ~ Ult(V[G], (UF)") and N’ ~ Ult(V[G], (Ug)"/). If
n =n', N = N’, and we are done. Assume otherwise, and without loss of

generality, assume that n < n/. In N, consider the measure V = (jW(Ug))n/_n'
Since N ~ Ult(V[G], (U)"™),

ULt(N, V) ~ Ul(V[G], (U)™),
namely N’ ~ Ult(N, V), as desired. O

The Goldberg—Benhamou model of Weak UA + —UA (see [9]) has a unique
measurable cardinal and a single normal measure. In contrast, Theorem [1.5
establishes the consistency of Weak UA + —UA with the existence of multiple
normal measures on the unique measurable cardinal.

5 Friedman—Magidor for extenders

In the previous sections, our goal was to classify lifts of normal measures (and
their iterations) in forcing extensions via the splitting forcing P™. We now turn
to lifts of extenders.

We will rely on the standard definition of (k, A)-extenders for A > & (see [19]
chapter 5, section 26]). We view each such extender as a sequence of measures
E = (E,: a € [\|<¥), where E, is a measure on the set []!°l. As usual, we
can form the ultrapower Mg ~ Ult(V, E) with respect to E, and we denote
by jg: V — Mg the associated ultrapower embedding. We say that a (k, \)-
extender F is k-closed if V E " Mg C Mpg. Throughout this section, we say that
two extenders F and E’ are equivalent if jg = jg-.

As before, let I be the set of inaccessible cardinals below k.

For the remainder of the section, fix a function g: K — k such that, for
every a < K, g(a) < min(I \ (o +1)). We will consider in this section k-closed
(k, A)-extenders E such that jg(g)(k) bounds the set of generators of jg (in
particular, F is equivalent to the (k, jg(g)(k))-extender derived from it). Let
us recall the definition of a generator of an elementary embedding.

Definition 5.1. Assume that j: V — M is an elementary embedding. We say
that an ordinal 7 is a generator of j if there is no a € [n]<* and function f € V

such that nn = j(f)(a).

The main forcing considered in this section will be the following generaliza-
tion of the splitting forcing from Definition [3.2
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Definition 5.2. Let g: kK — « and I be as above. Assume that h: kK = K is a
function such that, for every a < &, h(a) < g(a). Let

P = {f ¢ H h(a): X = dom(f) is a nowhere stationary subset of I}.
aeX

As usual, we order P* by inclusion, and define R = Add(w, 1) * P".
Remark 5.3. Let us elaborate on the role of the functions g, h in this section.

1. The function g describes the class of extenders E to which our meth-
ods apply. As mentioned in the paragraph preceding Definition [5.1] our
methods provide control over all lifts of k-closed (k, A)-extenders E such
that jg(g)(k) bounds all the generators of E. We conjecture that these
methods can be generalized to a wider class of extenders (see Remark [5.6)).

2. The function h determines the number of nonequivalent lifts of a given
ground model extender E to the generic extension. More specifically, such
an extender F will lift in |jg(h)(k)|-nonequivalent ways.

Throughout this section, we fix the functions g and h and adopt the notation
P = P" and R = R". Specific instances of g, h will be considered only in the
proof of Theorem where they will be specified explicitly.

Our forcing P can be viewed as a nonstationary support product ngs 7 Qas
where Q, = {0g,, } Uh(«) is an atomic forcing, in which h(a) C Q,, is a maximal
antichain. The requirement that each g(«) be below min(7 \ (o + 1)) ensures
that PP satisfies the assumptions of the Fusion Lemma[2:3] As in Sections [2 and
Bl GCH ensures that P and R preserve cardinals.

Our main goal in this section will be to prove the following theorem.

Theorem 5.4. Assume GCH, and let g,h: kK — Kk, P, and R be as above. Let
G C R be generic over V.. Then the following properties hold:

1. For every k-closed (k, \)-extender E in V whose generators are all below
Jr(9)(k), and for eachn < jg(h)(k), there exists a k-closed (K, \)-extender
Ey € VIG] such that jg; | 'V = jg. Furthermore, all the extenders
(Ey:n < jr(h)(k)) are nonequivalent and have the same ultrapower.

2. Every r-closed (k,\)-extender E* € V|G| whose generators all lie below
je<(9)(k) and with X > jp-(g)(k) is, up to equivalence, of the form E},
for some k-closed (k,\)-extender E € V, where n < jg(h)(k) and the
generators of E all lie below jr(g)(k).

Remark 5.5. The requirement A > jp«(g)(k) in clause 2 above is necessary
in order to ensure that jg« [ V is a (k, A)-extender in V. In fact, Remark
below shows that it is possible that for some normal measure W € V[G] and
extender £ € V, W = E} where n > r + 1 is a generator of jg. In other words,
even a (k,k + 1)-extender W € V|G| might satisfy that jy [ V = jg where E
is not a (k, k + 1)-extender.
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Remark 5.6. Recall that the requirement that g(a) < min(Z \ (a + 1)) for
all & < k was imposed to ensure that the Fusion Lemma applies to P. We
conjecture that this requirement can be relaxed by “spacing out” the product,
namely by forcing with P = H;VES 7 Qq, where J is a sufficiently sparse stationary
subset of I. In this setting, the requirement g(a) < min(J \ (a + 1)) is less
restrictive, and Theorem should apply to a broader class of extenders.

For example, let J C I be the set of inaccessible cardinals that are limits of
inaccessible cardinals, and define g: k — & by g(a) = min(I \ (o + 1)). Then g
satisfies g(a) < min(J \ (w4 1)) for all & < k. We conjecture that the methods
developed in this section can be used to classify the lifts of extenders F for
which the generators of jg are all below jg(g)(x). This includes, in particular,
extenders E whose generators form an unbounded subset of min(jg(I)\ (k+1)).
We do not pursue this direction further in the present paper.

Lemma 5.7. Assume that E is a k-closed (k, \)-extender in V whose generators
all lie below jp(g)(k). Let G C R be generic over V.. Then in V[G], there are
liE(h) (k)| nonequivalent k-closed (K, \)-extenders (Ey:n < jr(h)(k)) € V]G],
all with the same ultrapower, such that each Jes is a lift of jg.

Proof. Write G = ¢’ «G’, where ¢’ C Add(w, 1) is generic over V, and G’ C P is
generic over V[g¢']. The extender F naturally and uniquely lifts to an extender
E’ € V]¢'], namely the (k, A)-extender derived from j’, the standard lift of j to
an embedding from V[¢'] into Mg[g']. Our aim is to show that E’ lifts in (at
least) |jg/(h)(k)| = |jr(h)(x)| nonequivalent ways in the extension V[¢'|[G’].

To establish this, it suffices to prove that over any ground model V', whenever
G C P is generic over V and E € V is a (k, \)-extender, there are at least
|iE(h) (k)| nonequivalent r-closed (k,A)-extenders (Ey:n < jr(h)(x)), all of
them with the same ultrapower, such that each j B; lifts jg.

Thus, we change the assumptions to the ones mentioned in the previous
paragraph. Fix n < jg(h)(x). Define, in V[G],

Hy,={q€jp(P):Ipe G (¢<jrlp)U{{xn)}}

We will argue that H, is jg(P)-generic over V. The crux of the argument lies
in proving that H, meets every dense open subset of jg(P) present in Mg.

Fix a dense open subset D € Mg of jg(P). Let a € [jr(g9)(k)]<% be a set of
generators and e: [£]/% — V be a function such that D = jg(e)(a). Define, for
every a < K,

d(a) ={qg€P: ¢ (a+1)IFWe[g(e)]" 3r € CGarr (™ (a\ (@ +1)) € e(b))}.

Let us argue that d(«) C P is dense open for every a < . Assume that ¢ € P
is given. For every b € [g(a)]1%!, consider the set

dy(a) ={s €P\ (a+1):Vr €Ppyq Ir' €Prry (r' >7rand r' " s € e(b))}.

Each set dp(«) is forced to be a dense open subset of P\ (« + 1), since e(b)
is dense open, and the poset P\ (« + 1) is more than |P,1|-closed (note that
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|Poy1| = max{2/®! |h(a)|} < min(l\ (o +1))). Since P\ (« + 1) is more than
|g(a)|-distributive, there exists a condition s € P\ (a + 1) such that

s € ﬂ dp(v).

befg(a))<e

Let ¢* = (¢ | (¢ +1))"s. Then ¢ < ¢* € d(a), as desired.

Next, apply the Fusion Lemma [2.3] on the sequence of dense open sets
(d(a): @ < K). The lemma produces a condition p € G and a club C' C &
such that for every o € C,

{g€Patii g (p\(a+1)) € d(a)}

is dense open above p [ (a + 1). In particular, for every such « € C,
pl(a+1)IFVbe[g(a) IreGapr (r(p\ (a+1))) € elb).

Since C' C k is a club, k € jg(C), and thus, over Mg,

p"0g, IF V0 € [jE(9) ()] 3r € ju(G)urr (™ (ju(P) \ (k + 1)) € jp(e)(D),

where Q, := jp((Qq: a < k))(k). Since a € [jr(g)(x)]<*, we deduce that

P 0g, IF3r € jp(G)usr (1 (e) \ (5 +1)) € jr(e)(a) = D).

We already have at our disposal a natural jg(P).41-generic set over Mpg.
Indeed, since E is k-closed, jg(P), = P, and thus G is jg(P).-generic over Mg.
Furthermore, n dictates a Q,-generic over Mg[G], because n < jg(h)(x). Since
p~0g, belongs to the jg(IP).4+1-generic set just described, any statement being
forced by it holds in Mg[G]. Thus, for some r € G,

r{(k,m} (e \ (k+1)) € D.

Finally, by extending p inside G so it extends r, we achieve that jg(p)U{(k,n)} €
DNH,.

This proves that each H,, is jg(IP)-generic over Mg. Since jg|[G] C H,), ji
lifts to an embedding jz ,: V[G] — Mg[H,]. By standard arguments, jj , is
the ultrapower embedding of the (k, A)-extender E} derived from it. The fact
that E} is k-closed follows from the following claim.

Claim 5.8. V[G] E “Mp[H,] € Mp[H,).

Proof. 1t suffices to prove that V[G] F "Ord C Mg[G]. Let f € V[G], f: k —
Ord be given. Fix a P-name f € V for f, and assume that the weakest condition
in P forces that f is a sequence of ordinals of length . For every a < k, let

e(a) ={qgeP:q| (a+1)IF3g€c>0rd (q\(a—&-l)l}—f[a:g)}.

Each set e(a) for o < & can be easily seen to be dense open, because the forcing
P\ (aw+1) is more than |«|-closed. (Indeed, for every condition g € P, ¢\ (a+1)
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can be extended to a condition that decides all the values ( f B): 8 < a), by
closure). By the Fusion Lemma there exist p € G and a club C' C & such
that for every a € C,

pl(a+1) 3. €°0nd (p\(at 1)l fla=ga).

Let go € Vi be a P, 1-name for g, as above. Since V E *Mg C Mg, (§o: @ €
C) € Mg. In particular, f € Mg[G], because f can be computed in Mg[G]
from (g,: a € C) and G. O

Finally, the extenders (E;:n < jg(h)(k)) are nonequivalent, since their
elementary embeddings disagree on their value at G. Nevertheless, for every n £
n' below jg(h)(k), Mp[Hy] = Mg[H,], so Ey, E;, have the same ultrapower.
Indeed, H,  can be easily computed inside Mg[H,] by changing the generic
value of H, at coordinate x from 7 to 7.

This concludes the proof of Lemma O

Remark 5.9. Note that n is not a generator of jg , = JEx, even if n was a
generator of E, since n = jg: (UG)(k) in V[G]. In fact, this shows that PP can
be used to “kill” a generator of an extender F € V while lifting the extender.
This observation shows that the classification of normal measures W € V[G]
on k is more complicated than the one exhibited in Theorem [1.2} For exam-
ple, let us force with P over a ground model V' which contains a k-complete
ultrafilter F' € V such that jr has two distinct generators, x and (, where

¢ € (k,jr(h)(k)). By Lemma Jjr lifts to an extender embedding jz., whose

only generator is . In particular, jz., = j“,/V[G], where W € V[G] is the normal

measure on £ derived from jp, using x as a seed. Note that jp C j“//V[G], and

W NV is the normal measure defined in V by U = {X C k: k € jp(X)}. In
particular, W 2 U, but jl‘/{,[G] doesn’t lift jy. This contrasts with the situa-

tion exhibited in Theorem in which for every normal measure W € VI[G],
jx‘//v[G] 2 Jwnv-

Theorem 5.10. Assume GCH. Let G C R be generic over V. Let E* be a k-
closed (k, \)-extender of V[G] whose generators lie below jg«(g)(k), and assume
that A > jg«(g)(k). Then there exists a k-closed (k,\)-extender E € V with
generators below jr(g)(x) and n < jg(h)(k) such that E* is equivalent to Ey.

Proof. Let M[H] ~ Ult(V[G],E*). By Hamkins’ Gap Forcing Theorem
Jje= [ V:V — M is definable in V. Let E be the (k, A)-extender derived from
jg- | Vin V.

We argue first that jp = jg« [ V and M = Mg. Define k: Mg — M such
that, for every a € [\|<“ and f: [&]!*l = V in V, k(jg(f)(a)) = je-(f)(a).

Claim 5.11. k is elementary and jp |V = ko jg.
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Proof. Let a,b € [A]<%, and assume that fo: [x]l?l — V, fi: [k]/" — V are
functions in V. We argue that

je(fo)(a) = je(f1)() < je-(fo)(a) = je-(f1)(b).

Recall the following standard notation: For z C y in [A]<“, denote by
Ty [K]Y — [K]17] the standard projection,

Ty (V05 Viy|—1)) = WVigs -+ 5 Vipy 1 )

where (ig,...,%y—1) is an increasing sequence indicating the coordinates of x
inside y, namely z(j) = y(i;) for every j < |z|.
Given fy, f1,a,b as above, let ¢ = bU a. Then

je(fo)(a) = je(f1)(b) < je(foomea)(c) = je(f1omes)(c)
{7 € (K (fo o 1) () = (fi 0 me0) (D)} € E.
= cejp ({7 €W (foomea)®) = (fi o mes)?)})

< je-(foomea)(c) = jr-(fiomp)(c)

< je-(fo)(a) = je-(f1)(b).

Building on this argument, the full elementarity of & can be shown induc-
tively. Finally, the fact that jg« [ V = k o jg can be easily shown from the
definition of k. O

Let us argue that k is the identity map. By Claim this ensures that
Jjex [V =79 and M = Mpg.

Note that crit(k) > A, since E was defined as the (k, A)-extender derived
from jg+ | V. In fact, the critical point of k is the least generator (if such
exists) of jg« [ V which is greater than or equal to \. We argue that no such
generator exists. In fact, we argue that there is no generator ¢ of E such that
C> jplg)(r).

Fix ¢ > jr(g)(x), and write, in V[G], ¢ = jg-(f)(a) for some a € [jr(g)(k)]<¥
and f: [5]l?l — Ord in V[G]. Our goal is to prove that ¢ is not a generator of
je~ | V. We would like to use here the following strengthening of Corollary 2:4]

Claim 5.12. There exist a partial function F € V and a club C C k such that,
for every a € C and v € [g()]<¥,

(@) € F(a,7) and |F(a,7)| < max{a™, |h(a)|}.
Proof. For every a < k, define
d(a) ={g € P: ¢ | (a+1) IF V7 € [g(a)]* 37, € Ord (¢\(a+1) IF f(7) = 7)}-

Each d(«) is dense open, since P\ (a+1) is more than |g(a)|-closed. (Indeed, for
every condition g € P, g\ (a+1) can be extended to a condition that decides all
the values (f(7): 7 € [g(a)]<*), by closure). By the Fusion Lemma there
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exist p € G and a club C' C & such that for every o € C' and 7 € [g(a)]<, there
exists a Poyq1-name 4% such that p I- f(7) = 4. Now, for every such o € C
and 7 € [g(a)]<¥, let

Flo, ) ={y€O0rd: Ir 2 p [ (a+1) (r 45 =9)},

and note that |F(a, 7)| < [Put1]| = max{a™,|h(a)|}, due to GCH and the fact
that |Qq| = |h(a)]. O

Let C, F' be as in Claim Since C is a club in &, £ € jp«(C). Since
a € [je(g)(k)]<%, we have that

¢ =je-(f)a) € (G- [ V)(F)(k,a).

Claim 5.13. There exist a function F' € V and 1 < jg(g)(k) such that

C=Je (Fl>(l£7a7 :U’>'

Proof. Fix a large enough x and a well-order W of H, such that F' € H,.

Let us first take care of the case where |jg+(F)(k,a)] < xT. In particular,
there exists £ < k™ such that ¢ is the &-th element of jg-(F)(k, a), with respect
to the jg+ (W)-least well-order of jg- (F)(k,a) of order-type < k*. As in Section
let fe be the &-th canonical function on . For every o < k and v € [ <%,
let F'(a,7) be the fe(a)-th element of F(a,7) with respect to the W-least
well-order of F(a,7) of order type < a*t. It follows that ¢ = jg-(F')(k,a), as
desired.

Thus, assume from now on that |jg«(F)(k,a)| > 7. For every o < x and
7 € [a]<¥, let < (o, 7) be the W-least well-order of F(a, 7) of minimal order
type. For every pu < g(a), let F'(a, 7, u) be the p-th element in the set F(«, v/)
with respect to the well-order <1 (a, 7) (if such an element exists). Recall that

g+ (F)(k, )| < max{x™, |jp-(h)(k)I},

by Claim Since we assumed that |jg-(F)(k,a)| > k1, and because h(a) <
g(a) for all & < k, we deduce that

lie- (F)(k, a)| < |je-(9)(K)|-
Since ¢ € jg~(F)(k,a), there exists p < jg~(g9)(x) < A such that ¢ is the p-th

element in the set jg-(F)(k,a), with respect to the jg« (W)-least well-order on
Jje+(F)(k,a) of minimal order type. In particular,

¢ = je-(F')(K, a, ).

Finally, since p < A < crit(k),

k(p) = p < je-(9)(r) = k(ie(9)(r)),

so by the elementarity of k, p < jg(g)(k). O
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Let F € V and u < jg(g)(k) be as in Claim It follows that

C = (]E* fV)(FI)(Ii,G,, :U’)v

where &, a, and p are all below jg(g)(x). Since we initially picked ¢ > jr(g)(k),
the above equality implies that ( is not a generator of jg« [ V, as desired.

This concludes the proof that k is the identity map.

To sum up the situation so far, we have proved that M = Mg and jg- [ V =
jr. Furthermore, we proved that every generator of E must lie below jg(g)(k).
Finally, E is k-closed: Indeed, for every f € VN (*Mg), we have that f € M[H|
(since E* is k-closed), namely f € M[H] NV = Mg, where the last equality
follows from Hamkins’ Gap Forcing Theorem Overall, we showed that F
satisfies the hypotheses of Lemma

Write G = ¢’ * G, where ¢’ C Add(w,1) is generic over V, and G' C P
is generic over V[¢']. Let H = jp«(G), and write H = ¢’ * H', where H' is
Je~(P)-generic over M[¢']. Note that jr[G] C H, since jp- lifts jg.

Let n = jp+(UG") (k) < je~(h)(k). Again, since jg« lifts jg, we deduce that
n < je(h)(k). Since E satisfies the hypotheses of Lemmal5.7} the lifted extender
Ey € V[G] is defined.

Let j': V[g'] = M[g'] be the natural lift of j. As in the proof of Lemmal5.7]
the set

Hy={qejP):IPpeC (¢<ju{ltn})}

is j/(IP)-generic over over M[¢’]. Sincen = jp«(UG") (k) = (UH')(k) and j'[G’] C
H', we obtain that H; C H', namely H, = H'. Thus, Ut(V[G], E*) ~ M[H] =
Mglg'*Hy] and jg- = jE; . It follows that E* and Ej are equivalent, as desired.

This concludes the proof of Theorem [5.10 O

We can now conclude the proofs of the main results of this section.

Proof of Theorem[5. The first clause of Theorem [5.4] follows from Lemma [5.7]
and the second clause follows from Theorem [5.101 O

Proof of Theorem[1.6 Fix E € V a (k,x"1)-extender witnessing that r is
(k + 2)-strong. For every o < k, let g(o) = o™, and note that jg(g)(k) =
(k¥ T)Me = g+ and g bounds all the generators of jg.

Fix a cardinal 7 < k*+. Let h: kK — & be a function such that h(a) < o™
for every a < k, and jg(h)(k) = 7. Note that such h exists, since either
7 € {kT,kTT} (in which case, h is the cardinal successor or double successor
function, respectively), or 7 < k™ (in which case, h is the 7-th canonical function
[3)

Let G C R" be generic over V. By Theorem E lifts in exactly jg(h)(k) =
7 nonequivalent ways to an extender of V[G], all of which have the same ul-
trapower. A standard argument (see, for instance, [I0, Proposition 8.4]) shows
that each of them witnesses that x is (k + 2)-strong in V[G]. On the other
hand, each (k, kT1)-extender E* € V[G] witnessing (k + 2)-strongness is, again
by Theorem such a lift of some ground model (k,x"")-extender E € V.
In other words, for some 1 < jg(h)(k) = 7, E* = Ey, jg- | V = jg, and
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M]‘;[G] = Mg|¢' * Hy) (where ¢’ € Add(w, 1) is the Cohen part of the generic
G, and H,, is the jp(IP)-generic part of jg-(G). We used here the notation of
Lemma [5.7)). Hence

MY AV = Mglg « H)) NV = Mg,

where the last equality follows from Hamkins’ Gap Forcing Theorem In
addition, since (VH+2)V[G] C Mg*[G], (Viea2)V C M]‘;*[G] NV = Mg. It follows
that F witnesses (k + 2)-strongness in V. O

Goldberg observed that even though there are possibly x*3-many (x, s )-
extenders (in the GCH context), only x™F of them may have the same ultra-
power. In this sense, Theorem is optimal.

Theorem 5.14 (Goldberg [16]). Let 8 be the number of ultrafilters on k. Let
E be a (k,\)-extender. Then, up to equivalence, there are at most max{3, \}
extenders with the same ultrapower as E.

Proof. Following [I5], we say that an elementary embedding i: V' — N is almost
an ultrapower embedding if for every X C N, there exists a € N such that
X C HN(i[V] U {a}) (here and below, H denotes the Skolem hull).

Claim 5.15. Let j: V — M be an extender embedding, i: V — N be almost an
ultrapower embedding, and k: N — M be an elementary embedding such that
J = kot Then i is an ultrapower embedding, that is, there exists a € N such

that N = HN (i[V] U {a}) [P

Proof. Since j is an extender embedding, there exists a set A € V such that
j(A) covers the set of (finite sequences of) generators of jE In particular, M =
HM (jIV]Uj(A)). It follows that N = HYN (j[V]Ui(A)): For every element
x € N, there exists a function f € V such that

M = Ja € j(A) (k(x) = j(f)(a)),

where we view k(z), j(A) = k(i(A)), and j(f) = k(i(f)) as parameters. By the
elementarity of k,

N b= 30 € i(4) (¢ = i(f)(a).
So z € HN (j[V]Ui(A)).

Since 7 is almost an ultrapower embedding, for every ordinal £, there ex-
ists be € N such that (Ve)N C HN (j[V]U{b¢}). Each such b¢ belongs to
HY (j[V] U {ag}) for some a¢ € i(A). Thus, there exists a € i(A) such that for
unboundedly many ordinals &, be € HY (j[V] U {a}). Thus, N C H" (j[V]U {a}).

O

13We refer the interested reader to [I5, Section 2.1] for further details on Goldberg’s char-
acterization of ultrapower and extender embeddings in terms of Skolem hulls.

14Since an extender embedding cannot have a proper class of generators, we can take A = Vi
for a large enough x.
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Keeping this in mind, fix an extender E as in the formulation of Theorem
By [15, Theorem 3.7], for every extender F' with the same ultrapower as F,
there exists an inner model N (actually, N = HM (jg[V] U jr[V])), elementary
embeddings ig: V — N, i1: V — N, and k: N — Mg, such that jp = k o g,
jr = ko1, and ig,4; are almost ultrapower embeddings. By the above claim,
since g, 41 are factors of extender embeddings, both are ultrapower embeddings
with respect to ultrafilters Zy, Z1 on k, respectively.

We argue that k is uniquely determined by F, a function f: kK — &, and some
a € [\]<“. Indeed, let a € [A]<% and f € V be such that & ([id]z,) = je(f)(a).
Then Zy = f.(E,) = {X C k: f~1[X] € E,}, and k maps each element of the
form i9(g)([id] z,) to jr(g9) (je(f)(a)). Thus, k is uniquely determined by E, f,
and a.

Since jp = ko jz,, F is uniquely determined by 7y, E, f, and a € [\]<¥.
The set of all such parameters has size max{j, A}. O

We finish this section with a complete classification of normal measures in
V[G], for G C R generic over V. By Remark normal measures W €
V[G] may arise from non-normal measures £ € V which have an additional
single generator above x. In this case, the forcing P might “kill” this additional
generator, and F lifts to a normal measure which differs from those described

in Theorem [L.2l[]

We summarize this in the following theorem.

Theorem 5.16. Assume GCH. Let G C R be generic over V. Suppose that
W € VI[G] is a normal measure on . Then there exists a (k, jw (g)(k))-extender
E €V such that W = E} for some n < jg(h)(k). Furthermore, E is equivalent
to a k-complete ultrafilter on k, which is the one derived from jg using (k,n)
as a seed.

Proof. As before, write G = ¢’ *G’, where ¢’ C Add(w, 1) is generic over V, and
G’ C P is generic over V[g'].

Fix a well-order W of V.. Then W induces a well-order W’ of (V,,)V19'] (by
ordering elements with respect to the their W-least Add(w, 1)-names).

Let A = jw(g)(k) < jw(k). Let E* be the (k, \)-extender derived from
jw. Note that jy = jg-, since the only generator of W is k, and it is below
Jjw(9)(x). By Theorem we deduce that jw = jg;, for some x-closed (k, A)-
extender F € V and n < jg(h)(k). By the analysis in the proof of Theorem
0 = jw (UG") (+).

It remains to prove that every € Mg = Ult(V, E) has the form jg(x,n),
and thus F is equivalent to the measure derived from jg using (k,n) as a seed

15Indeed, every normal measure in the generic extension, in the context of Theorem [1.2]
yields an ultrapower embedding that lifts an ultrapower embedding arising from a normal
measure in V. In contrast, in Theorem |[5.16] a normal measure in the generic extension may
induce an elementary embedding whose restriction to V' is an ultrapower embedding derived
from a non-normal measure.

16Possibly, E is already equivalent to a normal measure, and then  is the single generator
of jp and W is really a lift of a ground model normal measure.
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Fix ( # k,n. Since W is normal, there exists f € V|[G] such that ¢ =
Ju(1)(s)-

Work in V[g']. For every a < k, let e(ar) C P be the dense open set of
conditions deciding the value of f (o). By applying the Fusion Lemma on
the sequence (e(a): a < k), there exist p’ € G’ and a club C C k in V[g'] such
that for every a € C,

{r € Pay1: 3y € Ord (r’\(p’ \ (a+ 1)) IF f(a) = ’7) }

is a dense open subset of P,11 above p’ [ (o + 1). In other words, for every
a € C,

p | (a+1)IF 3y e Ord (p’\(a+1) H—f'(a):ﬁ),

Let j': V[g'] — MEg[g'] be the natural lift of jg. Since x € j'(C), we have
in Mg[g'] that

P 0g, F3y€0rd (§)\ (k+1) 7 (AR =7),

where Q,; = 7/ ({Qq: a < K))(k). Next, since n < jg(h)(x) induces a Q,-generic
set over Mg[¢'][G’], we deduce that

P 3y eord ({(rm} Ui )\ (k+1) 7 (Hk) = 7).

Since E is k-closed, "Mg[g'] C Mg[g¢'], and thus j'(P), = P. Therefore, in
MEg|g'], there exists a P-name 4 such that

JWY ULk m} I () (k) = 4.

We can assume that 4 is the j'(W')-least P-name satisfying the formula in
the previous display. It follows that % has the form j'(£)(x,n) for some function
¢ € V[g']: Indeed, over V[g'], let £(z,y) be the W'-least P,-name + such that
P u{(z,y}t - fla)=17.

Next, work over Mg[g']. Since ¥ € Mg[g¢'] is a P-name for an ordinal, we
can define the set A of all possible values of 4, namely,

A={BeOrd:Ig>p (¢4 =5}

Then A € ME[g'] has the form j'(¢*)(k,n) for some function £* € V[g']: Indeed,
let ¢*(z,y) be the set {8 € Ord: 3¢ > p' [ = (q IFe(z,9) = ﬂ)} Note that
|A| < kT, since by GCH, |P| = x*. Also, the definitions above ensure that over

ME[QIL ) 3
70 Uk, m)} 5" ()(k) € A.
Since p’ € G’ and n = jw(UG')(k), we deduce that in Ut(V[G],W) ~
Mglg'liw (G")],
¢=jw(f)(k) € A
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In particular, for some ordinal £ < k™, ¢ is the £-th element of A with respect
to the j'(W')-least well-order of A of order type < x*. As before, letting f¢
be the canonical function that represents £, we obtain that, in Mg[g'], ¢ is the
J'(fe)(k)-th element of j'(¢*)(k,n), with respect to the j'(W')-least well-order
of j'(¢*)(k,n) of order type < k.

All of this shows that ¢ = j/(F')(k,n) for some function F’ € V[¢’]. In
particular, there exists a function F' € V such that ¢ = jg(F)(k,n): Indeed, let
F' be an Add(w, 1)-name for F’, and let s € ¢’ be a condition such that, in Mg,
sk ¢ = jp(F) (k7). For every z,y, let F(x,y) be the unique ordinal § such
that s I+ 6 = F'(&,7), if such an ordinal exists.

Since ¢ was an arbitrary ordinal outside of {x,n}, we deduce that E is
equivalent to the k-complete ultrafilter derived from jg using (k,7) as a seed.

O

Remark 5.17. The case where h(a) < at for every a < k is similar to the
one exhibited in Theorem [1.2l This is due to the fact that every n < jg(h)(k)
satisfies n < £, and in particular, 1 has the form jg(f,)(x) for the canonical
function f,. In other words, the measure derived from jg using (k,n) as a seed is
equivalent to a normal measure. Thus, by Theorem [5.16| every normal measure
W € V[G] has the form Uy for a normal measure U € V' and 1 < ji(h) (k).

6 Open questions and concluding remarks

In this final section, we discuss some open questions.

Question 6.1. Is it consistent that GCH holds, there are x™*-many normal
measures on k, but only a single normal ultrapower?

The same proof technique of Theorem does not appear to apply here (see
Remark , but we still conjecture that the answer is positive.

Note that a positive answer to Question[6.1]would exhibit behavior somewhat
different from that of extenders. For example, assuming GCH, there are at most
kT t-many (k,k*T)-extenders with the same ultrapower (by Theorem ,
even though the total number of (x, x*T)-extenders can be x73.

Next, recall that the Friedman—Magidor theorem generalizes well to the con-
text of the violation of GCH at a measurable cardinal.

Theorem 6.2 (Friedman and Magidor, [I1]). Let V = L[E] be the minimal
extender model that contains a cardinal k which is (k + 2)-strong. Then for
every cardinal T < k1T, there exists a cofinality preserving forcing extension in
which K is measurable, 2 = kT, and there are exactly T normal measures on
K.

This motivates the question whether the methods developed in this paper
can yield similar results.
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Question 6.3. Assume that x is (k + 2)-strong in a model V E ZFC4+GCH.
Fix a cardinal 7 < k**. Is there a cardinal preserving forcing extension V[G]
such that the following hold?

1. k is measurable and 2% = ™1 in V[G].

2. For every extender E € V witnessing that x is (k + 2)-strong, there are
T-many normal measures on « in V|[G] such that for each of them, say U,
30 ifts g

3. Every normal measure on « in V|G| arises as a lift of some (x + 2)-strong
extender E.

In [7], it was shown that the Ultrapower Axiom is consistent with the failure
of GCH at a measurable cardinal, via the construction of an L[U]-like model,
i.e., a model in which x is the unique measurable cardinal, x carries a single
normal measure U, and every other o-complete ultrafilter is equivalent to U™
for some n < w. This result motivates the following question:

Question 6.4. Is the Weak Ultrapower Axiom and the negation of the Ultra-
power Axiom consistent with the failure of GCH at a measurable cardinal?

A natural approach to Question [6.4] is to force with the splitting forcing
over the L[U]-like model described above and analyze all possible lifts of U",
as in Section [} Indeed, the proofs of Theorems [[.4] and [L.] confirm that this
construction yields a model of the Weak UA. However, it is unclear whether
x*T remains a cardinal at the end of the process. This is due to the fact that
applying the splitting forcing to a ground model in which GCH already fails
at k may collapse k™' and inadvertently restore GCH, as the following claim
shows.

Claim 6.5. Assume that in V k is Mahlo, 2¢ = k*1, and 2 < 7 < kT is a
cardinal. Let P = P7 be the splitting forcing. Suppose there exists a collection

C € V of clubs in r such that |C| = kT, and every club D C k in V contains a
club from CE Then the splitting forcing P collapses /{++E

Proof. Let G C P be generic over V. We claim that in V[G], there exists a
surjection from C to (P(k))V.
We say that for C € C and A C k&, the generic filter G codes A via C' if, for
every i < K,
i€ A = (UG)(CI) =1,

where Cj‘ denotes the i-th element in the set of inaccessible cardinals in C' which
are not limits of inaccessible cardinals in C. Since x is Mahlo, C’;‘ exists for
every i < K.

17These assumptions are consistent. See, for example, [12].
18 A similar argument shows that any other reasonable nonstationary support product or
iteration collapses kT under the same assumptions.

33



Every club C € C codes via G a unique A C &, but it’s not necessarily true
that A € V. Define in V[G] the partial function ¢: C — (P(x))", which maps
each C € C to the set A € (P(x))" such that G codes A via C, if such a set A
exists.

To conclude the proof of Claim it suffices to show that for every A C &
in V, there exists C' € C such that G codes A via C. Hence, ¢ is a surjection
from a set having size (k7)Y to a set having size (k7). It therefore follows
that P collapses (k7)Y

Indeed, fix A C k in V and a condition p € P. By assumption, there is a club
C € C disjoint from supp(p). The sequence (C;": i < k) is nowhere stationary

so we may extend p to a condition ¢ € P by defining

g=pU{(CF 1):ie AAU{(CF,0):i¢ A},

By density, there exists g € G forcing that G codes A via some C € C.
This shows that ¢ is a surjection, thereby proving Claim O

Claim [6.5] naturally leads to the following question:

Question 6.6. Can the splitting forcing preserve k™ over a ground model V
in which 2% = kT2 Alternatively, is there a variant of the splitting forcing that
preserves k7T, even when 2% = k1 in V?

Finally, the following central question, raised by Friedman and Magidor in
[11], has remained open ever since:

Question 6.7. Is there a Friedman—Magidor theorem for fine, normal measures
on P, (A) for A > K?
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